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Abstract The mixed principal eigenvalue of p -Laplacian (equivalently, the op¬ 
timal constant of weighted Hardy inequality in space) is studied in this paper. 
Several variational formulas for the eigenvalue are presented. As applications of 
the formulas, a criterion for the positivity of the eigenvalue is obtained. Further¬ 
more, an approximating procedure and some explicit estimates are presented 
case by case. An example is included to illustrate the power of the results of 
the paper. 
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1 Introduction 

As a natural extension of Laplacian from linear to nonlinear, p-Laplacian plays 
a typical role in mathematics, especially in nonlinear analysis. Refer to mm 
for recent progresses on this subject. Motivated by the study on stability speed, 
we come to this topic, see mm and references therein. The present paper is 
a continuation of [5] in which the estimates of the mixed principal eigenvalue 
for discrete p-Laplacian were carefully studied. This paper deals with the same 
problem but for continuous p-Laplacian, its principal eigenvalue is equivalent 
to the optimal constant in the weighted Hardy inequality. Even though the 
discrete case is often harder than the continuous one, the latter has its own 
difficulty. For instance, the existence of the eigenfunction is rather hard in the 
nonlinear context, but it is not a problem in the discrete situation. Similar to 
the case of p = 2 dam), there are four types of boundaries: Neumann (denoted 
by code “N”) or Dirichlet (denoted by code “D”) boundary at the left- or right- 
endpoint of the half line [0, D]. In [7], Jin and Mao studied a class of weighted 
Hardy inequality and presented two variational formulas in the DN-case. Here, 
we study ND-case carefully and add some results to [7j . The DD- and NN-cases 
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will be handled elsewhere. Comparing with our previous study, here the general 
weights are allowed. 

The paper is organized as follows. In the next section, restricted in the 
ND-case, we introduce the main results: variational formulas and the basic es¬ 
timates for the optimal constant (cf. [SIE]). As an application, we improve the 
basic estimates step by step through an approximating procedure. To illustrate 
the power of the results, an example is included. The sketched proofs of the re¬ 
sults in Section 2 are presented in Section 3. For another mixed case: DN-case 
studied in [7], some complementary are presented in Section 4. 


2 ND-case 

Let fj,, V be two positive Borel measures on [0, D], D ^ oo (replace [0, T*] by 
[0, i4) D = oo), d/i = u{x)dx and di^ = u(x)dx. Next, let 

Lpf = {virr^fy, p>i. 

Then the eigenvalue problem with ND-boundary conditions reads: 

fEigenequation : Lpg{x) =-Xu{x)\g\P~‘^g{x)- 
|ND-boundaries : 5^(0) = 0, g{D) = 0 if D < oo. 

If {X,g) is a solution to the eigenvalue problem above, g ^ 0, then we call A 
an ‘eigenvalue’ and g is an ‘eigenfunction’ of A. When p = 2, the operator 
Lp dehned above returns to the diffusion operator defined in IH: u 
where u{x)dx is the invariant measure of the diffusion process and u is a Borel 
measurable function related to its recurrence criterion. For a ^ /3, dehne 

'rf[a,/3] = {/ : / is continuous on [a,/3]}, 

= { / : / has continuous derivatives of order k on (a, /3)}, 

and 

gaAf) = f = r l/'rdi^- 

J ol J a 

Similarly, one may define In this section, we study the hrst eigen¬ 

value (the minimal one), denoted by Xp, described by the following classical 
variational formula: 

Ap = mf{Dp{f) : / G [0, D],/i(|/|P) = 1J{D) = 0 if D < oo}, (2) 
where //(/) = po,D{f), Dp{f) = Dp'^{f) and 

/3] = {/ € /3] : G ^(a,/3) and / has compact support}. 
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withp* the conjugate number ofp (i.e., p~^+p*~^ = 1). Whenp = 2, it reduces 
to the linear case studied in [1]. Thus, the aim of the paper is extending the 
results in linear case {p = 2) to nonlinear one. Set 

£/[a, P] = {f : f is absolutely continuous on [a,/3]}. 

As will be proved soon (see Lemmas 13.31 and 13.4p . we can rewrite Xp as 

:= inf {Dpif) : p{\f\P) = 1,/ € s^[0,D]J{D) = O}. (3) 

By making inner product with g on both sides of eigenequation ([1]) with 
respect to the Lebesgue measure over (a,/3), we obtain 

= o?’h9) - wrh'a)t 

Moreover, since g'ifi) = 0, we have 

Xp{\g\^) = Dp{g) - {v\g'r^g'g){D), 

where, throughout this paper, f{D) := f{x) provided D = oo. Hence, 

with 

&iDp) = {f:fe s^[0,D], Dpif) < oo}, 

A := is the optimal constant of the following weighted Hardy inequality: 

Hardy inequality : p{\f\^) < ADp{f), f G ^{Dp); 

Boundary condition : f{D) = 0. 

Note that the boundary condition “f'{0) = 0” is unnecessary in the inequality. 

Throughout this paper, we concentrate on p G (1, oo) since the degenerated 
cases that either p = 1 or oo are often easier to handle (cf. |llt Lemmas 5.4 
and 5.6 on pages 49 and 56, respectively]). 

Main notation and results 

For p > 1, let p* be its conjugate number. Define v{x) = (x) and i>(dx) = 

v(x)dx. We use the following hypothesis throughout the paper: 

u,v are locally integrable with respect to the Lebesgue measure on [0, D], 


without mentioned time by time. 

Our main operators are defined as follows. 


iU){x) 


1 


Jo 

1 


^dp (single integral form), 


fP (x) J (a;,D)nsupp (/) 


r” bs 


) ds 


p*-i 


p-i 


(double integral form), 

R{h){x)=u{x)~^[— \h\^~‘^[v'h+{p—l){F+h')v)]{x) (differential form). 
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These operators have domains, respectively, as follows. 

^I = {fe nO,D] : G ^(0,Z)),/|(o,D) > 0,/'|(o.D) < 0}, 

^// = {/:/€m^],/l(0,D) >0}, 

J^={h : h G ‘^^(0, D) fl ^[0, D], h{0) = 0, h|(o,_D) < 0 if 1^(0, D) < oo, 
and h|(o,D) ^ 0 if i>{0,D) = oo}, 

where i^{a, j3) = dz^ for a measure To avoid the non-integrability problem, 
some modifications of these sets are needed for studying the upper estimates. 

^7 = {/ G ^[xo,xi] : G ^(xo,a;i),/'|(a;o,xi) < 0 for some 

xo,xi G (0,T>) with xq < xi, and f = f{-y xo)l[o,xi)}- 

= {f ■ f = f^lo,xo) for some Xo G {0,D) and / G ^[0,Xo]}, 

|/i : 3xo G {0,D) such that h G ‘^[OjXq] rT^^(0,Xo), /i|(o,a;o) < 0) 
^l[xo,D] = 0,/i(0) = 0, and sup (v'h + {p — + h')u) < o|, 

(0,xo) ' 

In Theorem 12.11 below, for each / G #/, inf 3 ,g(o,D) produces a lower 

bound of Ap. So the part having “sup inf” in each of the formulas is used for the 
lower estimates of Ap. Dually, the part having “inf sup” is used for the upper 
estimates. These formulas deduce the basic estimates in Theorem 12.,11 and the 
approximating procedure in Theorem 12.41 

Theorem 2.1 (Variational formulas) For p > 1, we have 

(1) single integral forms: 

inf sup /(/)(x)“^ = Ap = sup inf /(/)(x)"\ 

(2) double integral forms: 

inf sup II{f)(x)~^ = Xp= sup inf IIlf)(x)~^. 

/G#UX6supp(/) fJu-mn) 

Moreover, if u and v' are continuous, then we have additionally 

(3) differential forms: 

inf_ sup R{h){x) = Ap = sup inf R{h){x). 
heM" xe(o,D) heje x€(o,d) 

Furthermore, the supremum on the right-hand side of the above three formulas 
can be attained. 
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The following proposition adds some additional sets of functions for opera¬ 
tors I and II. It then provides alternative descriptions of the lower and upper 
estimates of Ap. 

Proposition 2.2 For p > 1, we have 

Xp= sup inf IIif){x)~^; 

f£.^l 3:6(0,D) 

Xp= mf _ sup //(/)(x)“^=inf sup //(/)(x)“^=inf sup I{f){x)~] 

3:6 supp (/) 3:6 supp (/) xe{0,D) 

where 

W'u = {f-.f^^[Q,D] and///(/) €LP(/i)}, 

=^7 = {/ : 3 Xq G (0, D), / = /l[o,a;o) £ '^[0; ^o]j /I(0,a:o) <0j 

and “^/'G^(0,a:o)}. 

Dehne k{p) = pp*^~^ for p > 1 and 

fjp = sup p{0,x) i){x, D)^~^. 

3:6(0,77) 

As applications of the variational formulas in Theorem 12.11 (1), we have the 
following basic estimates known in m- 

Theorem 2.3 (Criterion and basic estimates) For p > 1, the eigenvalue Xp > 
0 if and only if Cp < oo. Moreover, the following basic estimates hold: 

{k{p)apy^ ^ Ap ^ 

In particular, we have Ap = 0 if D{0, D) = oo and Xp > 0 if 

D 

p{0,s)^ “^7;(s)ds < oo. 

The approximating procedure below is an application of variational formu¬ 
las in Theorem I2.1l l2h The main idea is an iteration, its first step produces 
Corollary 12.51 below. Noticing that Ap is trivial once Up = oo, we may assume 
that (7p < oo for further study on the estimates of Ap. 

Theorem 2.4 (Approximating procedure) Assume that Up < oo. 

(1) Let fi = fn+l = fnll{fny*~^ and 6n = sup3.g(0,D)-^^(/n)(a^) 

for n ^ 1. Then 5n is decreasing and 

y ^ ^ ikip)crp)~^. 



6 


Mu-Fa CHEN et al. 


(2) For fixed xq, xi G {0,D) with xq < xi, define 

fXo,xi _ ~ / ™ 'i-n fxo,xi _ fXo,x\ JJj fXo,xi\V* — ^^ 


and 


^n= sup inf forn^l. 

a;o,xi: a:o<a^i 


Then 5!^ is increasing and 


^ ^ ^p- 


Next, define 


6n = sup 


xo<xi XJp^Jn 


Dpifi 


Xq,X\\ 5 


n ^ 1. 


Then ^ Ap and 5n+i ^ for n ^ 1. 

The following Corollary 12.51 can be obtained directly from Theorem 12.41 It 
provides us some improved and explicit estimates of the eigenvalue (see Example 
2.61 below). 


Corollary 2.5 (Improved estimates)Tssume that ap < oo. Then 


a ^ 5[ ^ > Ap ^ (5/ ^ {Kp)<^p) ^ 


where 


(5i = sup 

x€(0,D) 


rD 


p* — l ip—1 


h(x, 


is)(^J%{t,D)^P-^^/P*fi{dt)y ds 


1 

0 i = sup —-—- 7 

xe{0D)’^{x,D)P 

Moreover, 


I'D / ps \P* —1 

J v{s)ij i){t\/x,D)P~^g,{dt)] ds 


p-i 


6i 


sup 

xe(o,D) 


g,(0,x)t>(x, D)P ^ 


1 

v{x,D) 



i){t, D)Pn{dt) 


G [ap,pap], 


and 5i ^ 6’^ for 1 < p ^2, difi 6’^ for pfi 2. 

When p = 2, the assertion that (5i = 5'i was proved in [H Theorem 3]. To 
illustrate the results above, we present an example as follows. 


Example 2.6 Let dp 
is 


dv = dx on (0,1). In the ND-case, the eigenvalue Ap 
= (4) 

P P P 
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For the basic estimates, we have 



Furthermore, we have 




= 


{p + 1/p - 1)Vp \ (1 - x)Vp‘ Vo 

1 / 7 ^ 

The exact value Xp and its basic estimates are shown in Figure 1. Then, the 




i/p* 



• 1 / 2 ) 

Figure 1 The middle curve is the exact value of Xp . The top straight line 

1/2) 

and the bottom curve are the basic estimates of Xp . 

improved upper bound 5-^ and lower one 5^ are added to Figure 1, as shown 

1/2? —1/2? 

in Figure 2. It is quite surprising and unexpected that both of 6^ and are 
almost overlapped with the exact value Xp except in a small neighborhood of 
p = 2, where 5^^ is a little bigger and is a little smaller than Here 

6'^^^ is ignored since it improves only a little bit for p S (1, 2). 


3 Proofs of the main results 

Some preparations for the proofs are collected in Subsection 3.1. They may 
not be used completely in the proofs but are helpful to understand the idea in 
this paper and may be useful in other cases. The proofs of the main results 
are presented in Subsection 3.2. For simplicity, we let t (resp. tT) 4-) 4i) denote 
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increasing (resp. strictly increasing, decreasing, strictly decreasing) throughout 
this paper. 

3.1 Preparations 

The next lemma is taken from [TJ Theorem 1.1 on page 170](see [13] for its 
original idea). Combining with the following Remark 13.21 Lemmas 13.31 and 13.41 
it guarantees the existence of the solution {Xp,g) to the eigenvalue problem. 

Lemma 3.1 (Existence and Uniqueness) 

(1) Suppose that u and v are locally integrable on [0,Z1] C M (or [0,11) C 
M provided D = oo) and u > 0. Given constants A and B, for each 
fixed X, there is uniquely a solution g such that g{0) = A, g'{0) = B 
and the eigenequation © holds almost everywhere. Moreover, v^* ^g' is 
absolutely continuous. 

(2) Suppose additionally u and v are continuous. Then g € [0, D] and the 

eigenequation holds everywhere on [0,11]. 

If the eigenequation ([T|) holds (almost) everywhere for {Xp,g), then g is called 
an (a.e.) eigenfunction of Ap. 

Remark 3.2 (1) One may also refer to [6j Lemma 2.1] for the existence of 
solution to eigenvalue problem with ND boundary conditions provided D < oo. 
When D = oo, the Dirichlet boundary at D means g{D) = 0, which is proved 
by Proposition 13.71 below. 

(2) By |llt Theorem 4.1, Theorem 4.7], we see that the eigenequation in ([T|) 
has solutions if and if only the following equation has solutions: 

(lffT"V)'(a:) = -Xu{x)\g\P-‘^g{x) 
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where u is related to v and u in the eigenequation. Hence the weight function v 
in the eigenquation is not a sensitive or key quantity to the existence of solution 
to the eigenequation and can he seen as a constant. 

Define D] = {f '■ f & D], f has compact support} and 

= inf{Dp(/) : / G £!/k[ 0,D], \\f\\p = 1, and f{D) = 0 if D < oo}, (5) 

Ap = inf{Dp(/) : € ^{0, D), f € <^[0, D], \\f\\p = 1, f{D) = 0}, (6) 

where || • ||p means the norm in LP{fi) space. The following quantities are also 
useful for us. Set a G (0, D) and dehne 

Ai°p“^ = inf {Dp(/) : ^(|/|^) = 1,/ G £/[0,a] and f\[a,D] = O}. 

Af “) = inf{Dp(/): / G =l,/l[a,D]=0}. 

The following three Lemmas describe in a refined way the first eigenvalue and 
lead to, step by step, the conclusion that 

Ap — Ap — A^^p — A^^p. 

Lemma 3.3 We have Ap = A*^p. 


Proof It is obvious that Ap ^ A*^p. Next, let g be the a.e. eigenfunction of 
A*^p. Then g G *^[0, D] and v'P*~^g' G ‘r^{0,D) by Lemma f3.ll Since Lpg = 
—i^*,p\g\^~'^g, by the arguments after formula ([S]), we have 

-{v9\9'\^~'^9')\o + Dp{g) = 

Since ^'(O) = 0 and {gg'){D) ^ 0, we have A*^p ^ Dp{g)/\\g\\p. Because g G 
^i^[0,iA], it is clear that Dp{g)/\\g\\p ^ Ap. We have thus obtained that 


and so Ap = A*^p. There is a small gap in the proof above since in the case 
of D = oo, the a.e. eigenfunction g may not belong to L^ig) and we have 
not yet proved that {gg'){D) ^ 0. However, one may avoid this by a standard 
approximating procedure, using [0, an] instead of [0, D) with an f D provided 
D = oo: 

lim = lim inf {Dp(/) : g{\f\P)=lJ G^[0, «„], € '^(0,an), 

n^oo ^ n—>-oo 

/lK,z)]=0}=Ap. 

Similarly, —>■ A*^p as n —?> oo. □ 

Lemma 3.4 For A*^p defined in ([3]), we have A*^p = A*^p. Furthermore, Ap = 
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Proof On one hand, by definition, if /3n+i ^ then 
have thus obtained 


lim A 


(0,/3n) 




\ _ 3 , 


\ \(0)/^n + l) 


. We 


On the other hand, by definition of for any fixed 6 > 0, there exists 
/ satisfying ||/||p = 1, f{D) = 0, and Dp{f) ^ A*,p -t- e. Let /3n t and 
fn = {f - /(/3n))l[o,/3„)- Then Dp{fn) t Dp{f) as n t oo. Choose subsequence 
if necessary such that 


lim 

n—)-oo 


Dpifn) _ Dp{fn„ 


fnWp 


Wfn 


IP • 

Ip 


By Fatou’s lemma and the fact that f{D) = 0, we have 


lim II/, 

m—>-oo 


nm lip ^ 


lim fnr, 

m—^oo 


P = 1. 

P 


Therefore, we obtain 


lim 

n^oo 


Since lim,^^oo 


< TmT ^ limm-».oo Dpjfnm) 

-n^oo ||/„||^ ||/,,^||^ - lim^^^||/„^||? 

^ X*^p T £'• 

a1°p'^'‘^ = A*,p, we get A*,p = A*,p. Moreover, 


^ Dpif) 


Xp ^ Ah:^P - X^^p - Xp ^ Xp 

and the required assertion holds. □ 

The following lemma, which serves for Lemma 13.61 presents us that {Al'^p”^} 
is strictly decreasing with respect to a. 


Lemma 3.5 For a,/3 ^ (OjTi) with a < 13, we have a1°p“^ > X^^fp \ Further¬ 
more, ii ^*,p as /3n Tf D. 

Proof Let g 0) be an a.e. eigenfunction of Then 5 /O) = 0, g(a) = 0, 

and Lpg = —Xi^p^"^ lglP~^g on (0,a). Moreover, 


(o,„) _ B^’^(g) 

lKr( 0 ,a;,) 



IfYdl^ 


(see arguments after formula ([3]) ). By the proof of Lemma 13.31 the proof of 
the first assertion will be done once we choose a function g G ^[0, f3] such that 
5 '( 0 ) = 0 , g{l3) = 0 , and 


\\9\\LP{0,a-,p) 



( 7 ) 
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To do SO, without loss of generality, assume that g|(o,o) > 0 (see [T2l Lemma 
2.4]). Then the required assertion follows for 

s(3 — x') 

g{x) = (sr + e)l[o,a)(x) + X G [0,/3], 

once e is sufficiently small. Actually, by simple calculation, we have 


119111.(0,ft„) = Il9lll.(„,„,., + /” (l9 + - I9l’')<i9 + f 9^r^9(<ix). 

4T=Or(9)/ll9ll"„(„.„,,|, 

inequality d?]) holds if and only if 


£^v{a, /3) 
{j3 - a)P 



mdg+ 


£P 

{j3 - a)P 



AO,a) 


It snffices to show that 
£P-^ 


iP - a)P 


iy{a, P) < ^ J 


\g{x)+£\P - \g{x)\P 


fi{dx) 


By letting e —>■ 0, the right-hand side is equal to 


a1°p“^ [ pg^ M/r, 

Jo 

which is positive. So the required inequality is obvious for sufficiently small £ 
and the first assertion holds. The second assertion was proved at the end of the 
proofs of Lemma 13.41 □ 

The following Lemma is about the eigenfunction of Ap, which is the basis of 
the test functions used for the corresponding operators. 

Lemma 3.6 Let g be the first eigenfunction of eigenvalue problem ([T]). Then 
both g and g' do not change sign. Moreover, if g > 0, then g' < 0. 

Proof If there exists a G (0, D) such that g{a) = 0, then Al°p“^ ^ A*^p by the 
minimum property of Al°p“\ However, by Lemma [331 we get a1°p“^ JJ, A*^p as 
a W D. This is a contradiction. So g does not change its sign. Next, consider 
g'. By [HI Lemma 2.3], if there exists x G (0,D) such that g'{x) = 0, then 
3xo G (0,x) such that g{xo) = 0, which is impossible by the strictly decreasing 
property of Al*^p“^ with respect to a. So the assertion holds. □ 
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Before moving on, we introduce a general equation, non-linear ‘Poisson 
equation’ as follows: 

Lpg{x) =-u{x)\f\P~^f{x), xG{0,D). (8) 


Integration by parts yields that for x,y £ (0, D) with x < y, 

vix)\g'\P~^g'{x)-v{y)\g'\P~‘^g'{y) = f \f\P~^fdg. (9) 

J X 

By replacing / with it is not hard to understand where the operator I 

comes from. Moreover, if g is positive and decreasing, g'{d) = 0, then 

g{y)-g{D) = J v{x)(^J^ dx, ye{d,D). (10) 

By replacing / with ~^g, it is easy to see where the operator II comes from, 
provided g{D) = 0 (which is affirmative by Proposition 13.71 belowl. Finally, 
assume that {Xp,g) is a solution to ([T]). Then Xp = —Lpg/(^\g\P~‘^gu). Hence, 
by letting h = g'/g, we deduce the operator R from the eigenequation. 

3.2 Proof of the main results 

Proof of Theorem \‘2.1\ and Provosition \‘2.‘2\ We adopt the circle arguments below 
to prove the lower estimates: 


Ap ^ Ap ^ sup inf II{f){x) ^ = sup inf II{f){x) ^ 

= sup inf I{f){x)~^ 

^e(o,D) 

^ sup inf R(h)(x) 

fee^xG(0,D) 

^ Ap. 


Step 1 Prove that Xp ^ Xp ^ supjg^^^ inf^jg^Q II{f){x)~^. 

It suffices to show the second inequality. For each hxed h > 0 and g G 
^[0,H] with ||gr||p = 1, g{D) = 0 and v'^*~^g' G ^(0,H), we have 






IJ,{dx) 


€ 


r-D 


h{s) 


p*-l -|p-l 

ds 




v{s) 

(by Holder’s inequality) 

* r rD IP-l 


/i(dx) 


u(s) 

(by Fubini’s Theorem) 


ds 


fi{dx) 


^Dp{g) sup H{t), 
te(o,D) 
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where 


H{t)=-^ n 

Jo [Jx 


h{s) 

v{s) 


p*-i 


ds 


p-i 


fj,{dx). 


For / € # 7 / with sup^jg^Q II{f){x) < oo, let 

Kt) = [ F~^{s)u{s)ds. 

Jo 

Then h' = By Cauchy’s mean-value theorem, we have 


sup H{x) ^ sup II{f){x). 
xe(0,D) x£(0,D) 


Thus Xp ^ II{f){x)~^. The assertion then follows by making the 

supremum with respect to / G ^jj. 

Step 2 Prove that 

sup inf II{f)(x)~^ = sup inf II(f){x)~^ = sup inf I(f)(x)~^. 

/g^,,xG(0,D) /6 ^,xG(0,D) /6^,xG(0,D) 


(a) We prove the part Since C ^n, h suffices to show that 


sup inf II{f){x) ^ 
fG^i 3;G(0,D) 




sup inf 
fG^l xe(o,D) 




for / G with sup^-g^Q £>)/(/) < oo. Since f{D) ^ 0, by replacing / in 

the denominator of II(f) with — f ^ f'(s)ds and using Cauchy’s mean-value 
theorem, we have 


sup II{f){x) ^ sup I{f){x) < oo. 
x£{0,D) x£(0,D) 

So the assertion holds by making the supremum with respect to / G 
(b) To prove the equality, it suffices to show that 

sup inf I(f)(x)~^ ^ sup inf II(f)(x)~^. 
f^^,xe{0,D) /6i,,xe(0.D) 


For / G #//, without loss of generality, assume that infa,g(o,D) II{f){x) ^ > 0. 
Let g = f[II{fyf*~^. Then g G Moreover, 


v{x){-g'{x)Y-^ = r inf 

Jo Jo 


F-\t) 

tdlo,x) gP-^{t) ’ 


i.e., 

xe(o,D) 
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Hence, 


sup inf I(f)(x) ^ ^ inf I(g)(x) ^ ^ inf II(f)(x) ^ 

f(z^jxe(o,D) ^ xe{o,D) ^ ^ xe{o,D) ^ 

and the assertion holds since / G is arbitrary. 

Then there is another method to prove the equality: prove that 

sup inf I{f){x)~^ ^ Xp. 

fe^l a:G(0,D) 


Let g be an a.e. eigenfunction corresponding to Xp. Then g is positive and 
strictly decreasing. It is easy to check that g G ^ 7 . By Q, we have 

Xp = inf I(g)(x)~^ ^ sup inf I(f)(x)~^. 


Step 3 When u and v' are continuous, we prove that 


sup inf 
/GJ?"// 3;G(0,D) 




^ sup inf R{h){x). 

h^j^x&{0,D) 


First, we change the form of R{h). Let g with g{D) = 0 be a positive 
function on [0, D) such that h = g'/g (see the arguments after Lemma 13.6p . 
Then 

R{h) = -u-^{\h\P~‘^[v'h +{p-l)v{h^ + h')]} = -—^^Lpg. 

Now, we turn to our main text. It suffices to show that 

sup inf II{f)(x)~^^ inf R(h)(x) for every/i G 

/6/,,xG(0,D) xG(0,D) 


Without loss of generality, assume that R{h){x) > 0, which implies 

R{h) > 0 on {0,D). Let / = g{R{h))P*~^ {g is the function just specified). 
Since u, v' are continuous, we have / G ^77 and 

u{x)P~'^{x) =-Lpg{x), xG(0,D). 

Moreover, by (|lUp . we have 


g{y)-g{D) = J v{x)(^j^ M/i 

So gP-^/fP-^ ^ //(/) on (0,D) and 

inf R(h) = inf /gP~^ < inf ^ sup inf II(f)(x)~^. 

{0,D) (0,D)'^ (0,D) /gi,,xG(0,D) 



Hence, the required assertion holds. 
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Step 4 Prove that R{h){x) ^ \p when u and v' are con¬ 

tinuous. 

Noticing that 


If 0(0,0) < oo, then choose / G LP~^(fi) to be a positive function such that 
g = fII{f)P < oo. Set h = g'/g. Then h G M' since u and v' are continuous. 
Moreover, Lpg = —ufP~^ and 

If i>(0, D) = oo, then set h = 0. So R(h) = 0. In other words, we always have 

sup inf R(h)(x) ^ 0. 

h€je^&{o,D) 

Without loss of generality, assume that Ap > 0 and g is an eigenfunction of 
Ap, i.e., 

Lpg = Apuj^l^ g. 

Let h = g' jg G Then R(K) = Ap and the assertion holds. 

Step 5 Prove that the supremum in the lower estimates can be attained. 
Since 

0 = Ap ^ inf II(f)(x)~^ ^0, 0 = Ap ^ inf I(f)(x)~^ ^ 0 

x€{0,D) x€{0,D) 

for every / in the set dehning Ap, the assertion is clear for the case that Ap = 
0. Similarly, the conclusion holds for operator R as seen from the preceding 
proof in Step 4. For the case that Ap > 0, assume that g is an eigenfunction 
corresponding to Ap. Let h = g'/g G Then R(h) = Ap, I{g)~^ = Ap by 
letting f = Xp ~^g in ([9]) and II(g)~^ = Ap by letting f = Xf, ~^g in (fTOl) 
whenever g{D) =0. 

Now, it remains to show that the vanishing property of eigenfunction at D, 
which is proved in the following proposition by using the variational formula 
proved in Step 1 above. 

Proposition 3.7 Let g be an a.e. eigenfunction of Xp > 0. Then g(D) = 0. 
Proof Let f = g — g(D). Then / G By (fTOjl . we have 

f(x) = Xf~^j v{t)(^j^ gP~^dgj dt. 
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We prove the proposition by dividing it into two cases. Denoted by 
M{x) = j dt. 

(a) If M{x) = oo, then f{x) = g{x) — g{D) < oo and 

= J dt > 5 r(D)M(x) = oo 

once g{D) / 0. So there is a contradiction. 

(b) If M(x) < oo, then 


fII{f){x)P*^ = j v{t)(^J^{g - g{D))P dt < g{0)M{0) < oo. 

Replacing / in the denominator of //(/) with this term and using Cauchy’s 
mean-value theorem twice, we have 

P-" 1 9{D)y-^ l(, g{D)\P-^ 

sup//(/) ^—sup —j-= — sup 1--^ -WT 

(0,D) {0,D) gP ^pxe(0,D)\ 9\P J ^p\ 5(0) / 

The last equality comes from the fact that g' JJ,. If g{D) > 0, then 


Ap ^ inf sup II{f){x) ^ sup II{f){x) < 


-1 


f&^n 3;e(0,D) 


x^{0,D) 


which is a contradiction. Therefore, we must have g{D) = 0. □ 

By now, we have finished the proof of the lower estimates of Ap. Dually, 
one can prove the upper estimates without too much difficulty. We ignore the 
details here. 

The following lemma or its variants have been used many times before (cf., 
[31 Proof of Theorem 3.1], [21 page 97], or [7], and the earlier publications 
therein). It is essentially an application of the integration by parts formula, 
and is a key to the proof of Theorem 12.31 


Lemma 3.8 Assume that m and n are two non-negative loeally integrable func¬ 
tions. For p > 1, define 

/ rD \p—1 nx 

S{x)=ij n{y)dy] , M{x) = J m{y)dy 
and Co = sup^-g^Q.D) S{x)M{x) < oo. Then 


/ m{y)S{y)P^^/Pdy ^ ^ . S{xy’^/P^-\ r G (0,p/p*). 

/o 1 - P*r/p 
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Proof of Theorem 12.31 First, we prove that Xp ^ {k{p)(Tp) ^. Fixing r G 
{0,p/p*), let f{x) = Applying m{x) = u{x), n{x) = v{x) to 

Lemma [3l8l we have M{x) = /r(0,x), S{x) = cq = (Tp and 

Jo 1 - P r/p 

Since 

we have 

\p/(p*r)y~^ 

sup i{f){x) ^ ap. (11) 

xg ( o , d ) L—pr/p 

By Theorem 12.11 (11. (Ilip . and an optimization with respect to r G (0,p/p*), we 
obtain 



Now we prove that Ap ^ Up For fixed xq, xi G (0,11) with xq < xi, let 
/(x) = i>(x Vxo,T))l[o,xi)(a;)- Then 


I{f){x) = i){xo,Dy V(0,a;o)+ [ i'{t,DY V(dt), xG(xo,xi) 

and I{f){x) = oo on [0,xo] U [xi,Il] by convention 1/0 = oo. Combining with 
Theorem 12.11 (11. we have 

Ap ^ ^ inf /(/)(x) = (>(xo,Il)^“V(0,a;o), xq < xi. 

^ X<X\ 

Thereby the assertion that Ap ^ follows by letting xi D. Since 

rD pD 

p{0,xY ~^C'{x,D) ^ / p{0,sY “^'()(s)ds ^ / p{0,sY “^f)(s)ds, 

Jx Jo 

the assertions hold. □ 

From the proof above, it is easy to understand why we choose the test 
function as / = hi, DY^p* in [Sj Proof of Theorem 2.3 (a)] in the discrete case. 

Proof of Theorem 12.41 Using Cauchy’s mean-value theorem and definitions of 
6n, hn and Ap, it is not hard to show the most of the results except that 
4+1 ^ 4- Put / = fn°'''^ and g = f^YY- Then g = fII{f)P*-^. By simple 
calculation, we have 

Dp{g)= [ \YY~^\g'\{x)v{x)dx = [ v{x)~^ [ fP~^dp\g'{x)\v{x)dx 

Jo Jo Jo 
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Exchanging the order of the integrals, we have 


j-Xl PX! 

Dp{g) = — (t)fj.{dt) / g'{x)dx (by Fubini’s Theorem) 

Jo Jt 

^ f (since g{xi) ^ 0) 

^0 
rxi 

^ / /d/r 

Jo i 


my~^ 

git)J 


sup 
te{o,xi) 

^ i^ilgH sup ii{f){x)~^ 

a:e(0,xi) 


So the required assertion holds. □ 

Proof of Corollary 12.51 (a) The calculation of is simple. We compute 5^ 

first. Consider the term inf 2 ;<a;^ //(/^°’*^)(x). By calculation, we obtain that 
for X G {xo,xi), the numerator of (//(/f°’*^)(x)P*“^)^|^ equals 







p*-i- 


which is obviously non-negative. So 


II{f^°'^^)ix) = 


J>{x,Xl) 

is increasing in x G (xo,xi). Hence, 


rxi / PS \p* —1 

J v{s)ij i>(t V xo, xi)^“^/x(dt)J ds 


p-i 


5'i = sup 

xo<xi 


i>(xo, 


1 

-r/ i)(s) / i>(t Vxo,xi)P"V(dt) ds 

3,3^1) Ao \Jo J 


p-i 


xog^O^D) l^(xo,-C))P 1 


pD / PS \P* —1 

J v{s)lyj W xq, g{dt) j ds 


p-i 


In the last equality, we have used the fact that //(/f°’*^)(xo) is increasing in 
xi G [xo,T)]. Indeed, let 

Nk{s,y)=f i>{t,y)^g{dt), f{s,y) = v{s)Np_i{s,y)P*~^. 

JXQ 


Then 


ii{fyy{xo) 


p*-i- 


1 


t>{xo,y) 

1 


ry ry fxo 

/ f{s,y)ds+ i)(s)ds / £'{xo,yf~^g{dt) 

J XQ JxQ 'JO 

ry 


t>ixo,y) 


f{s, y)ds + /i(0, xo)i>(xo, y) 


p-1 


'XQ 


=: Hi{y) + H2{y), 
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and 


^iVp_i(s, y) = j ip - yT~'^viy)pidt) 

= (p- i)i>(y)^p-2(s,y); 

^/(s,y) = ip* - '^)vis)Np-i{s,y)P*~‘^-^Np_i{s,y)] 


on n d 

fis,y)ds= —f{s,y)ds + f{y,y). 

JXQ JXQ 

Hence, the numerator of dHi/dy equals 

(^ / -'5(y)y fis,y)ds 

ry ^ 

= Pixo,y)v{y) / v{s)Np_i{s,yf ~^Np_ 2 is,y)ds 

JXQ 

ry 

+ i>ixo,y)fiy,y)-v{y) fis,y)ds 

J 310 

= v{y)[uixo,y) f v{s)Np_i{s,y)P*~‘^Np_ 2 is,y)ds 

\ JxQ 

- f v{s)Np_i{s,y)P*~^ds] +i'{xo,y)f{y,y). 

JxQ / 

Since i){xo,y)Np- 2 is,y) — Np-i{s,y) ^ 0 for s € [xo,y], we see that dHi/dy is 
positive. It is obvious that dH 2 /dy is positive. So //(/^°’^)(xo) is increasing in 
y and the required assertion holds. 

(b) Compute ^i. By definition of 5i, we have 


f xo,xi IIP _ 

1 lip 


D, 


l-xi / j-xi \p 

/ ( / u(s)ds) y{dx) 

Jo \JxoVx J 

f’Xl / nxi \p 

= IJ,{0,xo)i'{xo,xiy + J ij v{t)dt] y{dx), 

PXl 

(^xo,xi) ^ = I>(xo,Xi). 

JxQ 


Hence, 


a:o<xi 


di = sup {iJ,{0,xo)i>ixo,xiy ^ + 


i>(xo 


1 

1 ) ®l) JXQ 


p{s,xiyn{ds] 


= sup (y{0,xo)i>ixo,Dy ^ [ 

xo^{0,D) V ^(^0;-^) Jx 


D 


Pis,Dfnids] 


XQ 


In the second equality, we have used the fact that: 
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Indeed, it suffices to show that 

1 /.X 1 fy 

-r/ i){s,x)Pfi{ds) ^ — - - t>(s,y)V(ds), xo^x<y, 

‘o,x) i^{xo,y) 


which is equivalent to 




i>{s,yy {>{s,xy 
i'{xo,y) . lx Jxq Hxo,y) Hxo,x) 

Since p > 1 and {>{t, x) ^ v{xq, x) for x ^ ^ xq, we have 

v{t,y)P 


^(ds) ^ 0. 


z>(t, x)P 


i>(t,x) + P{x,y)y ^ ^ ^ Hx,y) ^ ^ ^ Hx,y) _i'{xo,y) 


i>{t, x) 


v{t,x) z/(xo,x) z>(xo,x) 


for t ^ Xq and the required assertion holds. 

(c) Comparing 5^ and It is easy to see that 


f i>{-,D)Pdp= j ^ 

J X J X 


rD 


v{s)dsp{dt) 


rD rs 

/ 'O(s) / 0{t,D)P~^p{dt)ds; 

J X J X 


D rx 

v{s) / C'{x,D)P~^p{dt)ds. 

Jo 

Let ax{s) = v{s)l{>{x, D) for s € {x,D). Noticing that ax is a probability 
on {x,D), by the increasing property of moments E(|X|^)^/® in s > 0 and 
combining the preceding assertions (a) and (b), we have 


p{0,x)£'{x,D)P = f 
J X 


rU rs 

= sup / ax{s) / V X, D)P~^ii{dt)d 
a;E(0,D) J x J {) 

rD / rs \P"-^ 

v/ V X, ZI)^“^/i(dt) J ds 


^ sup 
xG(0,D) 

= 51. 


p*-i -ip-i 


(if p* — 1 > 1) 


Similarly, if p* — 1 < 1 (i.e., p > 2), then 5i ^ 5^. 

(d) Prove that 5i ^ pap. Using the integration by parts formula, we have 


[ z>(l/,-C)fp(dy) = z>(y,Dfp(0,y)||^^+p / i>{y,D)P ^v{y)p{0,y)dy 

Jxq Jxq 


rx 

^ CTpi>(x, D) - z>(xo, D)Pp{0, Xq) + pap / v{y)dy 

Jxq 
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Since i>{x, D) < oo, letting x ^ D, we have 


a:oG(0,D) 

^ sup 
xo€(0,D) 


(5i = sup ( fi{0,xo)i'{xo,D)P ^ + 


1 


rD 


i'ixo,D) 


0{;Dydf, 


'XQ 


n{0,xo)i'{xo,Dy ^ + 

1 

i>{xo,D) 


- i>ixo, DyniO, xo) + pap / v{y)dy 

J XQ 


= P(Xp, 

and the required assertion holds. □ 


4 DN-case 

From now on, we concern on p-Laplacian eigenvalue with DN-boundaries. We 
use the same notation as the previous ND-case since they play the similar role 
but have different meaning in different context. Let D ^ oo, p > 1. The 
p-Laplacian eigenvalue problem with DN-boundary conditions is 

f Eigenequation : Lpg{x) =-Xu{x)\g\P-^g{x)-, 

I DN-boundaries : g(0) = 0, g'(D) = 0 if L> < oo 

The first eigenvalue Ap has the following classical variational formula: 

Ap = inf|^||^ : /(0)=0, //O,/€^[0, D], ^p(/) < «^}- 

^ _ (13) 

Correspondingly, we are also estimating the optimal constant A := Ap^ in the 
weighted Hardy inequality. 


p{\m^ADp{f), /(0) = 0, /G^(Dp). 

For p > 1, define v = v^~p and i>(dx) = v{x)dx. We use the following opera¬ 
tors: 




1 

( r/ir/ir, 21 / ^ (single integral form) 

[vf'\f'\p-y{x) Jo, 

px 

/ ^(^ 

Jo 


/P-i(x) 


rD \P*-1 

fP-^dp 


(double integral form) 


R{h){x) =—u ‘^[v'h + {p — l)v{h‘^ + h')]]{x) (differential form). 
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The three operators above have domains, respectively, as follows. 

,^l = {fe ^[0,D] : G = 0 and f'\^o,D) > 0}, 

^// = {/ : / e ^[0,D],/(0) = 0 and f\^o,D) > 0}. 

: h G ^^(0, Z?) n ^[0, D],/i|(o,D) > 0 and J /i(rt)drt = oo|, 

where means for sufficiently small e > 0. Some modifications are needed 
when studying the upper estimates. 

^/ = {f G ^[0,Xo] : /(O) =0,vP*~^f' G "^(0, xq),/'|( o,a;o) > 0 for some 
xo G (0,T>), and / = /(• Axq)}, 

= {/ : /(O) =0, 3 Xo G (0, D) such that /=/(• A xq) >0 and / G‘^[0, xq]}, 

= |/i : 3 Xo G (0, Z?) such that h G ^[0, xq] n ‘^^{ 0 , xq), ^|(o,xo) > 0) 

^l[a:o,D]=0) / h(tt)du = oo, and sup + (p — +/i')x] <0 >. 

Jo+ (0,xo) J 

When D = oo, replace [0, ZD] and (0, ZD] with [0,ZD) and (0,ZD), respectively. 
Besides, we also need the following notation: 

^ll = {f-- /(O) = 0,/ G ^[0,ZD] and fll{f) G 

If fi{0, ZD) = oo, then Xp defined by (fT3]l is trivial. Indeed, let 

/ = 1{<5,Z)] + hl[o^s], 

where h is chosen such that h{Q) = 0 and / G "^^(0, ZD) n ^[0, ZD] (for example, 
h{x) = —x^ • + 2x • (5“^). Then ZDp(/) G (0, oo) and ^(]/]^) = oo. It follows 

that Ap = 0. 

Otherwise, /i(0, ZD) < oo. Then for every / with = oo, by setting 

f{^o) = /\ £ IJ’(p), we have 

oo > ZD(/(*o)) ^ ZD(/), oo > ^ n{\f\P) asxo^ZD. 

In other words, for / ^ LP{fi), both /^(l/l^) and Dp{f) can be approximated 
by a sequence of functions belonging to LP{fi). Hence, we can rewrite Ap as 
follows. 

Ap = inf{ZDp(/)://(|/|P)=l,/(0)=0, and / G >^^0, ZD) 0 -^[0, ZD]}. (14) 

In this case, we also have 

Ap = inf {ZDp(/) : fi{\f\P) = 1, /(O) = 0, / = /(• A xq), 

/ G (0, Xo) n ^[0, Xo] for some Xo G (0, ZD)}. 

We are now ready to state the main results in the present context. 



Mixed eigenvalues of p -Laplacian 


23 


Theorem 4.1 Assume that ^{0,D) < oo. For p > 1, the following variational 
formulas hold for Xp defined by (fH)l [equivalently, ([13])). 

(1) Single integral forms: 

inX. sup /(/)(x)“^ = Ap = sup inf /(/)(x)"\ 

fe^i 

(2) Double integral forms: 

Xp = inf sup II[f)[x)~^ = inf sup II[f)[x)~^, 

" /G#..e(0D) /G#uUnxg(0D) 

Xp = sup inf II[f)[x)~^ = sup inf II[f)[x)~^. 


Moreover, if u and v' are continuous, then we have additionally 

(3) differential forms: 


inf_ sup R[h)[x) = Xp = sup inf R[h)[x). 

h£j^ xe{o,D) ftgjr xe{o,D) 


Define k{p) = pp*^ ^ and 

fjp = sup p{x, D)i>[0,x)^~^. 

x£{0,D) 

As an application of the variational formulas in Theorem 14.11 (1), we have the 
following theorem which was also known in 1990’s (cf. |lll Lemmas 3.2 and 3.4 
on pages 22 and 25, respectively]). 

Theorem 4.2 (Criterion and basic estimates) For p > 1, Xp > 0 if and only 
if CTp < oo. Moreover, 

[k[p)ap)~^ ^ Ap ^ 

In particular, we have Ap = 0 if p[0, D) = oo and Xp > 0 if 

fD 

/ p[s,DY “^i>(ds) < oo. 

Jo 

The next result is an application of the variational formulas in Theorem 14. II 

( 2 ). 

Theorem 4.3 (Approximating procedure) Assume that p[0, D) < oo andap< 
oo. 

(1) Let /i = l>(0, y/P*, fn+l = fnll{fny*~^ and 6n = II[fn)[x) 

for n 1. Then dp is decreasing in n and 
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(2) For fixed xq G {0,D), let 

/("«) = i>(0,. A xo), = /a//(/S)(- A xof-^ 

and 5'^ = ™fxe(o,D) {x) forn 1. Then 5'^ is increas¬ 

ing in n and 


Moreover, define 




dn = sup 


xoe(o,D) Dp{fifi°>) 


n > 1. 


Then ^ ^ Ap and 5n+i ^ for n ^ 1. 


Most of the result in Corollary l4.4l below can be obtained directly from Theorem 

oi 


Corollary 4.4 (Improved estimates) Assume that /r(0, D) < oo and Xp > 0. 
ITe have 

(Tp ^ ^ ^ Ap ^ ^ (/c(p)(Tp)“^ 

where 


5i = sup 
xe(o,D) 


i>(0, x)^/P* 


rx / pD \P*-1 

Jo ds 


p-i 


rl 

0 i = sup -r- r 

xe(O D) i^(0,x)P-i 


v{s) 


rD 


z)(0,tAx)^ ^//(dt) ) ds 


*-i 


p-i 


Moreover, 


6i= sup (n{x,D)i){0,x)P ^ [ i>(0,t)P/i(dt) ) € [<Tp,p(Tp], 

xg(o,d) V v{fi,x) Jq ) 

and 5i ^ hi for p ^ 2 and hi ^ h^ for 1 < p ^ 2. 

When p = 2, the equality hi = hi was proved in [H Theorem 6]. 

Most of the results in this section are parallel to that in Section 2. One 
may follow Section 3 or HP to complete the proofs without too many diffi¬ 
culties. The details are omitted here. Instead, we prove some properties of the 
eigenfunction g, which are used in choosing the test functions for the operators. 


Lemma 4.5 Let {Xp,g) be a solution to (1121) . g 0. Then g' does not change 
sign, and so does g. 
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Proof First, the solution provided by Lemma l3.II is trivial: g = 0, if the given 
constants A and B are zero. Because we are in the situation that ^(0) = 0, 
we can assume that < 7 ^( 0 ) 7 ^ 0. Next, we prove that g' dose not change sign 
by seeking a contradiction. If there exists xq G {0,D) such that g'{xo) = 0, 
then g{xo) 7 ^ 0 by [H Lemma 2.3]. Let g = gl[o^xo] + 9{xo)1(^xo,d]- By simple 
calculation, we obtain 

^pid) ~ {~^p9j 9 )p ~ ^p9o,xo{\9\^)■ 

So 

\ ^ _ _ -^p/^0,xo(|g|^) _ ^ 

^ ^ Po,xo{\9\P) + p{xo,D)\g{xo)\P 

which is a contradiction. Therefore g' does not change sign. Since ^(0) = 0, 
the second assertion holds naturally. 
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